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Introduction
Coherence is a defining feature of quantum mechanics. The superposition principle predicts the existence of coherent (or superposition) states, in which a quantum system can be in many states with different properties at once, at difference from statistical mixtures. Coherence is responsible for interference phenomena and becomes a crucial element in most applications of quantum science [1, 2] . It may also play an important role in biological processes such as photosynthetic light harvesting or avian magnetoreception [3, 4, 5] . In addition, a rigorous abstract framework to properly quantify coherence and its interconversion in a resource-theory fashion has been developed in recent years [6, 7, 8, 9] .
In the context of quantum thermodynamics, the role that coherence may play in boosting thermodynamic tasks such as work extraction, refrigeration or information erasure, has recently come under increasing investigation [10, 11, 12, 13] . Coherence allows extracting a greater amount of work from single quantum systems [14, 15, 16] , improves the performance of thermal reservoirs [17, 18, 19, 20] , increases power in thermal machines [21, 22, 23] , and leads to temperatures unattainable by incoherent fridges [24, 25] .
All those works investigate the benefits from using coherence to improve traditional thermodynamic tasks. Here we are concerned with the opposite perspective, that is, the generation of coherence from other thermodynamic resources. Within this new perspective, generation of degenerate coherence by autonomous machines [26] or by collective interactions with a common thermal reservoir [27] has been recently considered. However, at difference from previous works, here we are interested in the amplification of energetic coherence, i.e. coherence between states with different energies. Energetic coherence, as opposed to coherence between degenerate states, is a particularly valuable resource. It behaves as a quantum clock [28] , allowing the simulation of time-dependent interactions [28, 29] , and catalyzing a much larger class of thermodynamic operations [30] than incoherent catalysts are able to do [31, 32, 33] .
In this paper we present an autonomous machine capable of controlling and even amplifying the energetic coherence of a system. The machine is one of the simplest quantum designs, comprising two qubits (see Refs. [34, 35] ), each coupled to a bath at different temperatures, that interacts with a steady stream of qubits with a non-zero amount of coherence. We find that there exist regimes in which the coherence in the stream is amplified and that it is possible to control the coherence of a broad range of qubit states.
Our machine consists of thermalizing interactions with the baths and energypreserving unitary transformations, which, at first sight, are not able to increase the total coherence of a system [32] . However, this would apply only for a non-degenerate global (machine plus qubit stream) system, a condition violated as soon as resonant interactions between the machine and the qubit stream are considered. In fact, for such degenerate systems one has to distinguish between two ways of measuring coherence based on the relative entropy between a state and the dephased state with respect to the Hamiltonian eigenbasis [9] . These approaches are usually refer to as proper coherence and asymmetry [9, 36, 37] . A careful analysis of the two definitions in degenerate systems reveals that the former can increase under energy-preserving unitary transformations and the latter can increase by splitting a bipartite system into two separate parts. Notably, both of them allow for the local amplification of energetic coherence.
Summarizing, the present work explores properties of coherence that have been ignored up to now when degeneracies come into play and shows that thermal resources, as the difference of temperature between thermal baths, can be used to enhance a pure quantum resource, like coherence. The paper is organized as follows. In section 2 we introduce the definition of coherence based on relative entropy and the limitations to coherence growth that arise from the laws of thermodynamics. Some basic features of the measures of coherence and asymmetry based on relative entropy are also discussed in Appendix A. The basic setup of the machine is presented in section 3.1 and a detailed derivation of the corresponding evolution equations for the atoms and the machine is given in Appendix B. In section 3.2 we analyze the capacity of this basic setup to amplify the coherence of a single atom in the stationary regime. This capacity can be used to control the coherence by a concatenation of machines, as shown in section 4. A detailed analysis of this setup, its main ingredients, and their respective roles in the amplification of coherence is given in section 5. Finally, in section 6 we present our main conclusions and perspectives for further research.
Thermodynamics of coherence
As already mentioned, quantum coherence has been shown to play the role of a thermodynamic resource in different contexts. This is not surprising since coherent states have less entropy than their corresponding dephased states, i.e., the states resulting from removing the off-diagonal terms in a given basis of the Hilbert space.
Although there are different possibilities to define quantitative measures of coherence [9] , the one that more naturally connects with the thermodynamic formalism is based on relative entropy. The relative entropy of coherence of a state ρ with respect to a basis B of the Hilbert space, usually one of the eigenbases of the Hamiltonian H, is defined as [30, 6] C(ρ) ≡ S(ρ||ρ) = S(ρ) − S(ρ) ≥ 0,
where S(ρ||σ) = tr[ρ(log ρ − log σ)] is the quantum relative entropy and S(ρ) = − tr(ρ ln ρ) is the von Neumann entropy (in nats). The fully-dephased statē
is the state with the same diagonal elements as ρ, and zero non-diagonal ones in the basis B. We call it fully-dephased to distinguish it from partially dephased states with respect to the spectral decomposition of the operator H (see Sec. 5 and Appendix A). The relative entropy of coherence (1) is monotonic under incoherent operations, constitutes a proper measure of coherence [6] , and can be operationally interpreted as the distillable coherence in the state ρ [8] . From now on, we will call it "proper coherence" or simply coherence.
The machine that we introduce in this paper works with two thermal baths at different temperatures, T 1 and T 2 , and is able to control the coherence of a stream of qubits. To fix the physical interpretation, we will assume that the qubits are two-level atoms (TLA) that go through the machine in a way that will be specified in section 3.1. Since coherence, as measured by the relative entropy (1), is directly related to the entropy of a system, the laws of thermodynamics impose some bounds on the coherence growth of the TLA. To derive these bounds, let us start by writing down the first law of thermodynamics in a stationary regime where the state of the machine does not change:
whereĖ a is the rate at which energy is transferred to the atoms, andQ k is the heat flux from reservoir k = 1, 2 into the machine. Analogously, we can state the second law as the positivity of the rate of total entropy production in the stationary regime:
whereṠ a is the change in the von Neumann entropy of the TLA stream, andṠ k = −β kQk for k = 1, 2 is the entropy increase (in nats) in reservoir k, with β k = 1/k B T k the inverse temperatures. In the following we assume for convenience β 1 ≥ β 2 (T 1 ≤ T 2 ). The above Eqs.
(3) and (4) establish fundamental bounds on the performance of the machine, for any operational regime. This can be better seen if we introduce the non-equilibrium free energy of the atoms in state ρ a with respect to the reference temperature T 1 as
where H a represents the Hamiltonian of the TLA. The non-equilibrium free energy characterizes the maximum amount of work extractable from a non-equilibrium state ρ with the help of a thermal reservoir [14, 38] . Using Eq.(3), the second law (4) can be written as
Eq. (5) bounds the performance of heat to work conversion in the form of nonequilibrium free energy stored in the TLA stream as η ≡Ḟ a /Q 2 ≤ η carnot , with η carnot = 1 − β 2 /β 1 the Carnot efficiency. However, the nonequilibrium free energy can be further decomposed into thermal and coherence components [31] . Using Eq. (1), the second law inequality (5) can finally be expressed as a bound on the coherence amplification of the TLA stream:
Following Eq. (6), amplification of energetic coherence,Ċ a ≥ 0, becomes possible by means of two sources: from the heat flowing from the hot to the cold bath (first term) and from a decrease of the classical free energy on the atom itself (second term). Otherwise the boundĊ max a becomes zero, and we have that coherence can only decreaseĊ a ≤ 0.
In this context, an operational interpretation for the total entropy production rate in Eq. (4),Ṡ tot =Ċ max a −Ċ a , can be given as a measure of how far we are from optimal amplification, which is only achieved under reversible, equilibrium conditions.
3. An autonomous thermal machine enhancing coherence
Basic setup
The machine we present is sketched in Fig. 1 and consists of two non-interacting qubits with distinct energy spacings E 1 and E 2 (we assume for concreteness E 2 ≥ E 1 ), weakly coupled to respective thermal reservoirs at different inverse temperatures, β 1 and β 2 . The machine Hamiltonian is
where σ 1 = |0 1| 1 and σ 2 = |0 1| 2 are the lowering operators of each qubit. Viewing the machine as a four level system, we can identify the middle two states
We refer to this subspace as the virtual qubit [39] . In the absence of any other interactions, the two qubits remain in thermal equilibrium with their respective reservoirs. In such conditions, a (virtual) inverse temperature can be ascribed to the virtual qubit via the Gibbs ratio, and reads
which can take any desired value by design. The basic idea underlying small thermal machines is to make use of the virtual qubit at a properly tuned virtual temperature to perform thermodynamic tasks (cooling, heating, storing work) upon an external system, this task is powered by the temperature difference in the reservoirs [35, 39, 40] . Together with the two-qubit machine, we introduce a third element consisting of a sequence of two-level atoms (TLA) which are sent through the machine at random times that follow Poissonian statistics with rate r. The atoms are all prepared in the same (but arbitrary) initial state, ρ a , and are assumed to interact resonantly with the virtual qubit of the machine one at a time (see Fig. 1 ). The Hamiltonian of a single TLA in the sequence reads H a = (E 2 − E 1 )σ † a σ a , where σ a = |0 1| a . The interaction between the atom and the machine when the atom passes through is
1| v being the lowering operator of the virtual qubit, and g(t) a timedependent coupling strength vanishing outside the interaction region. It is convenient to define the effective strength φ = t 0 +τ i t 0 g(t)dt, τ i being the interaction time and t 0 arbitrary. The interaction Hamiltonian H ma preserves energy, i.e. [H a + H m , H ma ] = 0, and involves a three-body interaction allowing the transfer of excitations among qubits 1, 2, and the TLA. This implies that no external sources of work are needed to make the TLA interact with the machine. Moreover, φ is taken to be the same for every TLA in the sequence. As we will shortly see, this TLA stream can act both as a passive element operated by the machine, but also as an active source driving the machine to Figure 1 . Schematic representation of our setup: A black box throws two-level atoms (TLA) at random times in a given initial state ρ a . The atoms interact with the two qubits of the machine with spacings E 1 and E 2 via the energy preserving Hamiltonian H ma , while each qubit is coupled a to a thermal reservoir at a different temperature (β 1 ≥ β 2 ). a stationary state with non-zero coherence in its energy basis. That in turn, will result in a steady increase of the local coherence in the flying TLA.
Assuming a small interaction time τ i , such that the effect of the thermal reservoirs can be neglected during the passage of the atoms, a master equation in Lindblad form can be obtained for the reduced dynamics of the machine using Born-Markov and rotating-wave approximations [2] . On the other hand, the effect of the machine on each atom is given by a completely-positive and trace-preserving (CPTP) map A. In the interaction picture with respect to H m + H a they read (see Appendix B for details)
where the coherent (driving-field like) terms read V m = tr a [V ρ a ] = σ v σ † a + σ † v σ a in Eq. (9), and analogously V a = tr m [V ρ m (t)] in Eq. (10), whose strengths depend on the off-diagonal elements (in the energy eigenbasis) of ρ a and ρ m (t) respectively. In addition, we obtain the following dissipators that account for the energy jumps induced by both the interaction and the thermal reservoirs:
with k = 1, 2, v, a. Here the rates of emission and absorption processes induced by the thermal reservoirs obey detailed balance γ k ↓ = γ k ↑ e β k E k for k = 1, 2, and we have the following rates from machine-atom interactions
Notice that the dynamics of the TLA, in contrast to the machine dynamics, is characterized by time-dependent coefficients, γ a ↑↓ (t) ≥ 0 ∀t. Self-consistency of Eqs. (9) and (10) requires
Importantly, the interplay of coherent and dissipative terms in Eq. (9) implies that in the long-time run, when sufficiently many atoms have interacted with the machine, the latter reaches a steady state, L m (π m ) = 0, that has non-zero coherence in the virtual qubit. This state can be obtained analytically, but it shows a complicated dependence on the initial preparation of the TLA and all other parameters.
The dynamics of the TLA stream is obtained by inserting π m in the expectation values appearing in Eqs. (10) and (11) . Once the machine is in a steady state, all the output atoms reach the same state after interacting with the machine, with only an infinitesimal change to their initial state ρ a (since φ is small). However, dynamical control and finite state transformations over individual atoms can be achieved in the extended configuration considered in Sec. 4.
Coherence amplification
For the machine working at steady state conditions,Ċ a andĊ max a can be computed analytically (see Appendix C). Recall that the maximum coherence growth rateĊ max a is given in terms of the free energy and the heat flows by Eq. (6). In the stationary regime, the energy change of the atom is given byĖ a = r tr[H a (A(ρ a ) − ρ a )], whereaṡ S a = −r tr[A(ρ a ) ln A(ρ a ) − ρ a ln ρ a ] is the change in the von Neumann entropy of the TLA stream. The heat flux from reservoir k = 1, 2 readsQ k = tr[H m D k (ρ m )] whilė S k = −β kQk for k = 1, 2, is the entropy increase in reservoir k.
We find that coherence amplification becomes possible for a broad range of initial states of the atoms and machine parameters. In Fig. 2 (a) we showĊ a andĊ max a when the reservoirs temperature ratio β 2 /β 1 is varied. We use two paradigmatic initial states for the atom stream lying at the south (dark orange) and north (light blue) hemispheres of the Bloch sphere as depicted by the two small circles in Fig. 2(b) . In the first case we find that thermal amplification of coherence is achieved when increasing the difference of temperatures between the reservoirs until the high temperature limit, β 2 E 2 1 is approached. On the contrary, the second case illustrates the regime in which coherence is amplified at the cost of reducing classical non-equilibrium free energy of the atoms. Notice that this process can occur in the limit β 2 → β 1 , that is, it does not need any input power from the machine. Optimal amplificationĊ max a cannot be achieved in any case, the shaded regions highlighting the total entropy production rate in the setup. In this context is interesting to notice the point β 2 → 0.6β 1 /, whereĊ max a becomes zero, and, consequently, entropy production is entirely due to decoherence processes. In Fig. 2(b) , the contour lines show the dependence ofĊ a on the initial state of the input atoms in the sequence, ρ a , for a given difference of temperatures. There the black 
Dependence ofĊ a on the initial preparation of the atoms for β 2 = 0.2β 1 , displayed as a contour plot on the XZ crosssection of the Bloch sphere (in the rotating frame).Ċ a andĊ max a are given in units of φ 2 and we used E 1 = 1.5, E 2 = 2.5. In both plots
thick contour corresponds toĊ a = 0. We can appreciate that coherence amplification becomes possible for a broad range of initial states with non-zero initial coherence inside the south hemisphere of the atoms Bloch sphere.
The physical mechanism underlying coherence amplification in our machine can be understood by splitting its operation in steady state conditions into two steps. In the first step an incoming TLA in state ρ a interacts with the virtual qubit of the machine in state π m , through the interaction H ma for some small amount of time τ i . During this unitary evolution, both the TLA and the virtual qubit may increase both the global proper coherence between them, as well as their local coherences. This is the case when both initial states of the virtual qubit and the incoming TLA have some amount of coherence and either one or the other show population inversion (a proof is given in Appendix A.4). This is in accordance with our general result in Eq. (6), from which we learn that amplification of coherence requires either a heat flow between two different temperatures, or the release of (diagonal) free energy by the TLA itself. Then, in the second step, the machine qubits interact with their respective thermal reservoirs at different temperatures for some small amount of time, until the state π m of the machine is recovered. In this second process some of the coherence in the virtual qubit is lost in the reservoirs, but the population bias of the virtual qubit is recovered.
Coherence processing
So far our analysis of coherence amplification applied to the whole ensemble of output atoms, but whose individual states change only infinitesimally [ Fig.3(a) ]. In the following we show that the coherence of individual atoms in the sequence can be increased a finite amount as well. This is accomplished in the extended configuration sketched in Fig. 1(b) , where an array of thermal machines such as the one introduced above is arranged in sequence. All the atoms are prepared in the same initial state ρ 0 a , but each machine will now meet the atoms in a different state, as it depends on their prior interaction with previous machines. Nevertheless, after a sufficient time, every machine in the sequence will reach a (different) steady state. This can be seen from the fact that the first machine in the sequence follows Eq. (9), and after interacting with sufficiently many atoms, will reach the steady state π m (ρ 0 a ) as before. After that time, the first machine induces the same dynamics on every subsequent atom and, as a consequence, the input atoms for the second machine will always be in the same state, say ρ 1 a . The dynamics of the second machine then will be given by Eq. (9), on replacing ρ 0 a by ρ 1 a . This induces the steady state π m (ρ 1 a ) in the second machine and, after that, all output atoms will analogously be in a fixed state ρ 2 a . This argument extends to the entire sequence of machines. When all the machines reach their steady states, then the transformation of a single TLA crossing the sequence will be given by a concatenation of CPTP maps such as the one given in Eq. (10) (see also Appendix B). After crossing n machines it reads
with the expectation values appearing in the ith map calculated for π m (ρ i−1 a ), i = 1, ..., n. Sample trajectories followed by a TLA on a relevant section of its Bloch sphere are depicted in Fig. 4 for different values of the machine qubits spacings E 2 and E 1 . We obtain a dissipative evolution towards the thermal steady state π a = e −βvHa /Z a fulfilling A n (π a ) = π a for sufficiently large n, where β v is the virtual temperature introduced above and Z a = tr[e −βvHa ]. While for initial incoherent states (vertical axis) the trajectories stay incoherent, there is a broad range of initial states with non-zero initial coherence for which the coherence can be amplified during the evolution. The incoherent steady state Figure 4 . Trajectories in a section of the Bloch sphere of individual TLA when sent through a sequence of machines (β 2 = 0.1β 1 ). The color scale shows the modulus of the kick (in φ 2 units) produced on the atom state when it crosses a machine in a given state. Set (e) has been obtained by interchanging the role of the qubits (or equivalently exchanging the temperatures of the reservoirs). The zero-coherence fixed points of the dynamics are depicted by the small dark circles. In all plots
π a is reached when a large array of machines is considered but, by preparing arrays of a finite tuned size, one can stop the trajectories at a particular target point. Furthermore we find that tuning β v is possible by choosing the design parameters of the machine (i.e. the energies E 1 and E 2 ), allowing one to obtain different sets of trajectories, see Fig.  4 (c), where the coherence can be amplified while also cooling the TLA. Note that the temperature difference plays a fundamental role, enlarging the set of trajectories which can be generated, and hence increasing our ability to reach target states.
Discussion
The possibility of a steady increase of the coherence of the TLA in the stationary regime of the machine that we have presented in this paper is at first sight surprising. The evolution of the global system consists of a unitary transformation that conserves the total energy and occurs when the atom interacts with the machine, and the subsequent thermalization of the machine qubits with their respective thermal baths. All these transformations are special cases of thermal operations, that is, maps resulting from an interaction between a system and a thermal bath that allows the exchange of energy between the two but conserves the global energy [31, 32, 33] . In those references, it is proved that thermal operations cannot increase a particular measure of coherence, called asymmetry. It is then important to distinguish the definition of coherence (1) from asymmetry.
Asymmetry is defined with respect to an operator H and not a basis B [36, 37] :
where the partially dephased stateρ is defined as [31, 32, 33] . However, it turns out to be sub-additive. That is, for a bipartite system where the total energy is degenerate, like in our machine-atom setup, asymmetry can increase just by separating the two subsystems even if the global state is uncorrelated,
The reason is that the partially dephased stateρ can create spurious correlations between the two systems even is ρ is a product uncorrelated state (see Appendix A.2 for a detailed discussion and a specific example). On the contrary, proper coherence C(ρ) with respect to an arbitrary local basis is additive, C(ρ a ⊗ ρ m ) = C(ρ a ) + C(ρ m ), but it can increase under a thermal operation if the total energy is degenerate.
In our case, the separate Hamiltonians of the machine H m and the atom H a are nondegenerate and therefore it is irrelevant which measure of coherence, proper coherence or asymmetry, we use. Total asymmetry and total proper coherence are equal when the atom and the machine are separated and both increase steadily in our setup. However, each of these quantities experiences the increase in a different step: proper coherence increases in the unitary evolution that results from the interaction between the atom and the machine, whereas asymmetry increases when the atom is separated from the machine and their correlations are lost. In Appendix A.3, we give a detailed explanation and an illustrative example of this argument, sketched in Fig. A1 .
Moreover, in a bipartite system consisting of two qubits, it is possible to prove that the global coherence increases during an energy-preserving unitary evolution only if there is a population inversion in one of the two qubits, i.e., if the excited state is more populated than the ground state (see Appendix A.4 for a detailed proof). This is a further important result since it provides a rigorous link between the amplification of local energetic coherence and population inversion, which requires either work or some other thermodynamic resource such as a temperature gradient.
With all this in mind, we can now distinguish the three key ingredients that allow our machine to increase the coherence of the global system in the stationary regime. To do that, it is more convenient to focus on proper coherence, instead of asymmetry. The first ingredient is an energy-preserving interaction between the atom and the machine that increases the total coherence of the system, similar to the unitary evolution discussed in Appendix A. The condition for this to work is that the machine starts the interaction in a state with population inversion and some remnant of coherence. The two thermal baths play the role of resetting the machine to such a state in the stationary regime. First, to obtain a state with coherence in the virtual qubit, it is necessary that the thermal relaxation is not complete. This is the second ingredient: a partial thermal relaxation, which is achieved by sending the atoms at a rate r sufficiently high to prevent the total relaxation of the machine qubits. Finally, the population inversion is induced by the third key ingredient, the temperature difference between the two baths.
Conclusions
We have discussed various aspects of the thermodynamic limitations emerging when considering the interconversion between energy and coherence, and presented an autonomous thermal machine able to amplify energetic coherence using thermal resources (two thermal reservoirs at different temperatures). In particular, we have identified the two main thermodynamic resources for coherence generation in the setup: the spontaneous heat flow from a hot to a cold reservoir, and the reduction of the classical free energy in the system in which coherence is amplified. The interplay between these two sources is related to the irreversibility of the amplification process, which we characterized through the entropy production. Then we have shown how our thermal machine is able to work in nonequilibrium steady state conditions profiting from these two aforementioned resources.
We have also identified the three key elements present in our scheme enabling coherence amplification: a unitary transformation that increases the coherence of a degenerate bipartite system, a partial thermal relaxation, and a temperature difference that resets the machine to a state with coherence and population inversion. Indeed, partial thermal relaxation is a very basic idea that could have more applications in quantum thermodynamics, since it makes use of thermodynamic resources, in our case the temperature difference between the two baths, while keeping genuine quantum features like coherence.
Interestingly, our results show that when multiple copies of an initial state with some (even if negligible) amount of coherence are allowed, a dissipative coherence catalyzer can be created (the virtual qubit of the machine) just using energy preserving interactions between resonant transitions. This can be used for the coherent manipulation of qubit states (the TLA) in an extended configuration using an array of autonomous machines. Nonetheless, this catalysis is imperfect, that is, the dissipative effects prevent us from reaching arbitrary states of the TLA. A further open question left concerns the possibility of combining different machines in the same array, e.g. each of them with different spacings E 2 and E 1 in the qubits, in order to enlarge the set of reachable target states from a given initial state ρ 0 a . Finally, we discussed some connections between our results for the autonomous manipulation of coherence, and existing resource theories of asymmetry and coherence [9, 31, 32, 33, 36, 37] . In particular, we have seen that important subtleties arise when characterizing coherence in bipartite systems with a global degenerate Hamiltonian. In these situations, which are ubiquitous in quantum thermal machine designs relying on resonant interactions, the notions of asymmetry and coherence diverge, and each of them may present quite different properties. Nevertheless, both definitions allow for the amplification of local energetic coherence as we show in detail for specific examples.
Two measures of coherence based on relative entropy have been proposed in the literature: proper coherence C(ρ) with respect to an orthogonal basis B of the Hilbert space, and asymmetry A(ρ) with respect to an operator, usually the Hamiltonian H. Both are defined as the relative entropy between the original state and a dephased state:
Hereρ is the fully dephased state with respect to the basis B:
i.e., the state resulting from removing all the off-diagonal elements of the matrix ρ in the basis B, whereasρ is the partially dephased statẽ
where Π j are the projectors corresponding to the spectral decomposition of the operator H. Obviously, both definitions coincide if the Hamiltonian is non degenerate and B is its eigenbasis. On the other hand, if H is degenerate, then the partially dephased stateρ retains the off-diagonal entries of the density matrix ρ within the degenerate eigenspaces of H. Consequently, the proper coherence is always larger than the asymmetry:
For bipartite systems we can further elaborate upon the differences between these two quantities. Let ρ be the state of a bipartite system A + B with reduced states ρ A = tr B (ρ) and ρ B = tr A (ρ). Using the mutual information I(ρ) = S(ρ A ) + S(ρ B ) − S(ρ), one can write
If the constituents of the bipartite system are non-degenerate, the coherence and asymmetry of the reduced states are equal, C(ρ A ) = A(ρ A ) and C(ρ B ) = A(ρ B ). In that case, the difference between coherence and asymmetry can be written as
Appendix A.2. Sub-additivity of asymmetry: an explicit example.
Applying the previous relations (A.6) and (A.7) to an uncorrelated state ρ = ρ A ⊗ ρ B with I(ρ) = 0, and assuming that the basis B is local, we get
since the fully dephased state is also uncorrelated with I(ρ) = 0. On the contrary, partial dephasing can create spurious correlations between the two systems, I(ρ) > 0, hence the asymmetry can decrease when considering the reduced states separately. This means that coherence is additive but asymmetry is sub-additive:
A simple example is given by two qubits, A and B, with Hamiltonian H = [|1 A 1| A + |1 B 1| B ], which is degenerate since states |01 and |10 have the same energy . Here we discuss partially dephased statesρ with respect to the eigenprojectors of the Hamiltonian H and fully dephased statesρ with respect to the basis B = {|00 , |01 , |10 , |11 }, which is the only local eigenbasis of H.
Consider for instance the pure states ρ A = ρ B = |ψ ψ| with |ψ = [|0 + |1 ]/ √ 2. In matrix form, using the canonical local basis {|0 , |1 } and the global basis B:
This global state is also a pure uncorrelated state, that is I(ρ) = 0, but the partially dephased stateρ On the other hand, the asymmetry of the reduced states is still A(ρ A ) = A(ρ B ) = ln 2, but the asymmetry of the global state is smaller than the sum of local coherences:
that is, asymmetry is sub-additive. The difference between the asymmetry of the global state A(ρ) = 3 ln 2/2 and the sum of asymmetries of the reduced states A(ρ A ) + A(ρ B ) = 2 ln 2 is precisely I(ρ) = ln 2/2. This result reveals a serious flaw of asymmetry as a measure of coherence since, just by separating the two systems A and B, we get a "free" enhancement of the total asymmetry.
Appendix A.3. Global increase of coherence under thermal operations
These results indicate that asymmetry A(ρ) is not an adequate measure of coherence, at least for distinguishable bipartite systems with degeneracies in the total Hamiltonian. We should then use C(ρ) as a measure of coherence. However, this proper coherence presents another problem: it can grow under thermal operations. This has not been noticed before, up to our knowledge, since most research has focused on non-degenerate systems, or the coherence within degenerate subspaces. For instance, the analysis in [32] , where they prove that coherence is non-increasing under thermal operations (see Eq. (8) in that reference), only applies to non-degenerate systems.
To discuss this issue in detail, let us consider our bipartite system starting from an uncorrelated state ρ = ρ A ⊗ρ B and evolving to ρ = U ρU † according to a unitary operator U that commutes with the global hamiltonian H. Such a unitary transformation is a special case of a thermal operation, and as such, it is known to conserve asymmetry [32] . However, it is not hard to see that coherence can increase under this type of operations. The evolution of coherence and asymmetry is sketched in figure A1 . We distinguish four stages in the process, depicted along the horizontal axis. First we consider the sum of coherences (asymmetries) of the reduced states, ρ A and ρ B . Second, we plot the coherence (asymmetry) of the global initial state ρ = ρ A ⊗ ρ B . Even though this state is uncorrelated, the asymmetry could experience a decrease I(ρ) from stage 1 to 2 due to sub-additivity. In the third stage we compute the coherence (asymmetry) of the global state after the transformation ρ = U ρU † . The asymmetry is conserved but, according to (A.8), the proper coherence is A(ρ ) + I(ρ ) − I(ρ ). Then the change of the proper coherence due to the unitary transformation is I(ρ ) − I(ρ ) − I(ρ), which can be positive, as we show below in an explicit example. The fourth stage is the result of separating the two qubits and calculating coherences (asymmetries) of each reduced state, ρ A and ρ B . We see in the figure that coherence always decreases when correlations are destroyed C(ρ) ≥ C(ρ A ) + C(ρ B ) but it can increase under the unitary evolution U .
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Coherence Asymmetry Figure A1 . Coherence C(ρ) (red) and asymmetry A(ρ) (blue) along the evolution of a bipartite system A + B, starting from an uncorrelated system ρ = ρ A ⊗ ρ B . In the left and right points we plot C(ρ A ) + C(ρ B ) and C(ρ A ) + C(ρ B ) respectively.
On the other hand, asymmetry is constant under evolution, but it can increase when the two systems are separated A(ρ) ≤ A(ρ A ) + A(ρ B ). From the picture we conclude that coherence can increase in the thermal operation if I(ρ ) > I(ρ ) + I(ρ), whereas both coherence and asymmetry increase after the whole process (evolution+separation) if I(ρ ) > I(ρ)+I(ρ ). Notice that even though the basis B is local, I(ρ ) can be different from zero due to classical correlations between the two qubits.
As an explicit example, consider the following initial state ρ = ρ A ⊗ ρ B with
c being a real number in the interval c ∈ [−1/2, 1/2] to ensure the positivity of ρ A . We choose the following as a unitary thermal transformation where h(p) ≡ −p ln p − (1 − p) ln(1 − p) is the binary Shannon entropy and p = 1/2 + √ 1 + 8c 2 /4. The final increase of coherence or asymmetry is (see Fig. A1 )
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This increase of coherence is shown in Fig. A2 (left) as a function of c. There we can see that the total coherence increases for a wide range of the parameter c ≤ 0.4513 . . . It is illustrative to see the evolution of the two reduced states in the Bloch sphere, as shown in Fig. A2 (right) for c = 0.35. This figure partly illustrates the mechanism of our machine, although the specific initial condition (A.14) is in general different from the states of the TLA and the machine in our setup. If we identify system A with the machine and system B with the atom, we see that the interaction is able not only to transfer coherence from the machine to the atom, but also to increase the global coherence. This is what happens when the atom interacts with the virtual qubit of the machine. The role of the thermal baths is to restore the machine virtual qubit to its initial value. However, the thermal baths cannot increase the coherence of the machine, as would be needed in this specific example (compare the initial and final states of the machine ρ A and ρ A ). For the machine to work, it would be necessary to increase simultaneously the coherence of the atom and the machine using a thermal operation. In the next section we show that this is possible by generalizing the previous example.
Appendix A.4. Simultaneous increase of local coherences
Here we show that the simultaneous increase of the two local coherences is possible if one of the two qubits starts in a state with population inversion, i.e., with a higher probability to be in the excited state than in the ground state. To do so, let us generalize the last example by using the following family of thermal unitary operations:
which are generated by the energy-preserving interaction Hamiltonian
and we have set θ = ωt. Notice that (A.23) for θ = π/4 yields the transformation (A.15) of our previous example. We consider a general uncorrelated state ρ = ρ A ⊗ ρ B as the initial condition, with reduced states
(A.25)
In this notation −1 ≤ δ i ≤ 1 denotes the bias of system i = A, B, i.e., the difference between the populations of the ground and the excited states. The off-diagonal terms c i are complex numbers obeying δ 2 i + 4|c i | 2 ≤ 1 to ensure the positivity of the density matrices. The coherence or asymmetry (the local Hamiltonians are non-degenerate) is
, which is an increasing function of |c i |. The off-diagonal terms of the final reduced states can be expressed in a rather compact form:
Now we can discuss the necessary conditions to achieve a simultaneous increase of both local coherences (or asymmetries). For that to occur, the following ratios must be larger than one:
where we have introduced the modulus α and phase ϕ of the ratio between the initial coherences: c B = αe iϕ c A . The above inequalities can then be written as
which, after some algebra and for sin(θ) = 0, reduce to
with κ = (r + √ r 2 + 1)/2 ≥ 0 and r = sin ϕ cot θ. These two inequalities imply that the biases δ A and δ B have opposite signs. To prove this, suppose that both are positive. In this case
and multiplying both inequalities one gets δ A δ B > 1, which is not possible since the biases are bound between −1 and 1. The case when both δ A and δ B are negative is analogous. If the biases have opposite sign, δ A δ B < 0, it is always possible to find parameters for which the local coherences increase. An example is given in Fig. A3 , where we plot the ratios |c i |/|c i | (i = A, B) as a function of θ, for δ A = −1, δ B = 0.8, α = 1, and ϕ = π/2, that is c B = ic A .
In summary, within this appendix we have derived a number of results that help to understand how our machine works and what is the role of each component. The interaction between the atom and the machine is similar to the unitary transformation (A.23), capable of enhancing the coherence of the two qubits, atom and machine, if there is a population inversion in the machine and some coherence in the two initial reduced states. Consequently, for a steady increase of coherence, it is necessary to restore the machine to a state with some coherence and population inversion. There the two thermal baths come into play. The difference of temperature of the baths creates the required population inversion in the virtual qubit. Finally, to restore the machine to a state with coherence, we must prevent it from fully relaxing to the steady state under the influence of the two baths. Summarizing, a partial thermal relaxation in contact with the two baths at different temperatures is capable of restoring the machine to a state with some remaining coherence and a population inversion. Then the unitary transformation can be repeated and induce a steady increase of coherence in the TLA.
Appendix B. Derivation of the machine and TLA stream dynamics
In order to derive master equations for the dynamical evolution of the thermal machine and the TLA stream we assume that the two-qubit machine is weakly coupled to thermal reservoirs modelled by a collection of bosonic modes
k ] = δ k,k δ α,α , in equilibrium Gibbs states. Their interaction in the rotating-wave approximation reads
where the parameters g α k control the coupling strength of the qubit α to each mode k in the corresponding reservoir as specified by their spectral densities J α (Ω) = k (g α k ) 2 Ω α k δ(Ω − Ω α k ). In the absence of the TLA stream and assuming Ohmic dissipation within the standard Born-Markov and rotating-wave approximations, the machine evolves in the interaction picture according to the following master equation in Lindblad form [41] 
where we obtain two dissipators describing the exchange of energy quanta with each Autonomous thermal machine for amplification and control of energetic coherence 21
In the above equation the rates k α ↓ = γ α 0 (n α th + 1) and γ ↑ = γ α 0 n α th depend on the mean number of thermal excitations in the reservoirs n α th = (e βαEα − 1) −1 and the spontaneous emission rates γ α 0 E α ∀α, α . We then model the interaction of the TLA stream with the dissipative two-qubits machine. Following the main text [Fig 1(a) ], the atoms interact one at a time with the machine for a short interval of time τ i according to the interaction Hamiltonian in Eqs. (9) and (10) . This leads to the following unitary acting on the compound machine-atom system
where we used φ 1 as defined in the main text, and t is arbitrary. At this point we make a crucial assumption, namely, that the interaction time is short compared with the relevant timescales of the machine relaxation dynamics, τ i 1/γ α 0 for α = 1, 2. In this case the state of the compound system during τ i evolves as
that is, we neglect the action of the thermal reservoirs during the interaction between the machine and the flying atom. Furthermore, we assumed that the machine and atom were initially uncorrelated, and the machine always interacts with a 'fresh' atom prepared in the same initial state ρ(t) = ρ m (t) ⊗ ρ a . Let us denote the effective action of a single TLA on the machine as the completelypositive and trace-preserving (CPTP) map E(ρ m ) = tr a [ρ(t + τ i )]. The evolution of the machine at some time t after n interactions can be then written as [42] :
where w(t) is the waiting time distribution, which characterizes how much time we need to wait from one interaction to the next. We assume Poisson statistics w(t) = re −rt , where r is the average rate at which interactions occur. Now taking the time-derivative of the above equation, and summing over n (see Ref. [42] for more details), we obtain the master equation (9):
where we obtained a new dissipator reading
being the lowering operator of the virtual qubit of the machine, and the expectation value σ a σ † a = tr a [σ a σ † a ρ a ] is the initial probability to find the TLA in its ground state. Analogously, the term σ † a = tr a [σ † a ρ a ] represents the initial coherence in the atoms. Notice that the coherent term in Eq. (B.7) will acquire a time-dependent modulation when turning back to the Schrödinger picture, so that one must keep trace of its phase during the evolution in practical applications.
The state change of any flying TLA due to its interaction with the machine ρ a → ρ a can be also obtained from this model. We denote the effective action of the machine in the TLA as the CPTP map A t (ρ a ) = tr m [ρ(t + τ i )] for ρ(t + τ i ) given in Eq. (B.5). We obtain:
and we obtain the dissipator complementary to (B.8)
It is worth noting that this dissipator does not depend on r, as the state change in any atom in the sequence is independent of the rate at which atoms are sent through the machine. Furthermore the expectation values are time-dependent, that is σ † v t = tr m [σ † v ρ m (t)] and analogously for σ † v σ v t and σ v σ † v t , coming from the fact that the change in the state of any atom in the sequence depends on the actual state of the machine. Henceforth we have a CPTP map A t (ρ a ) for any given state of the machine ρ m (t), that is, for any given instant of time t. It is only when the two-qubit machine reaches a steady state, that it will produce the same time-independent kick A(ρ a ) on input atoms arriving in the same initial sate ρ a . Under these conditions, A(ρ a ), represents the average state of all output atoms.
It is worth mentioning that in our derivation of the machine dynamics, our assumptions naturally agree with the local approach for modeling Lindblad master equations [43, 44] . This is because the qubits of the machine do not interact between them most of the time, but only with their respective reservoirs. The only interaction between them is indeed during the time in which a TLA passes by the machine, which is assumed to be small (τ i 1/γ α 0 for α = 1, 2). One may consider longer timescales of interaction for the atoms, and in that case compare the local and global approaches. This is an interesting question, but outside the focus of the present work. We expect that the extra dissipation channels that arise in the global approach would produce undesirable heat flows reducing the power and performance of the machine, such as has been pointed out in Ref. [45] .
Finally, we consider the configuration presented in Fig. 1(b) . In this case we have a large sequence of two-qubit machines into which input atoms prepared in ρ 0 a are sent. Therefore the first machine in the sequence is just described by our above reasoning. Moreover, we can extend the argument to each machine in the sequence by simply replacing the initial state in which the atoms are prepared ρ 0 a , by some arbitrary state ρ a representing the state of the TLA at the beginning of the interaction with any machine. This state will of course depend on the previous interaction of the atom with the preceding machines in the sequence and will be therefore different for each of them. Accordingly, each machine will now produce a different kick on the TLA state [Eqs. (B.9) and (B.10)], depending on its time-dependent state, which in turn depends on the previous atoms which have already interacted with it. This complicated situation is however greatly simplified in the case in which all the machines in the sequence may reach a steady state (as we demonstrate in the main text). In that case each machine still produces a different kick A i (ρ a ) as its state depends on its position i in the sequence, but following Eqs. (B.7) and (B.8), this state will only depend on the state of their input atoms ρ a , leading to Eq. (12) .
Nevertheless, notice that the above reasoning is only true in the case in which the machines in the sequence are not correlated between them. This can be justified by noticing the presence of the thermal reservoirs, which are constantly interacting with any machine in the array and will induce the decay of correlations between machines at a rate γ α 0 , for α = 1, 2. Therefore, it suffices to ensure that the generation of correlations between machines is slower than this decay. This will be the case when the time needed for the atoms to travel from one machine in the array to the next, τ m , is greater than the relevant timescale for the decay of correlations, i.e. τ m τ decay ≡ 1/γ α 0 . A simple way to ensure this condition is to assume that the machines are sufficiently far away from each others in the array.
Appendix C. Operation at steady state conditions
As pointed out in the main text, our machine is able to operate in the steady state regime, that is, when sufficiently many TLAs have already interacted with it. The steady state of the two-qubit machine π m can be analytically obtained from the master equation (9) by imposing L m (π m ) = 0, which leads to: π m = π 00 |0 1 |0 2 0| 1 0| 2 + π 10 |1 1 |0 2 1| 1 0| 2 + π 01 |0 1 |1 2 0| 1 1| 2 + π 11 |1 1 |1 2 1| 1 1| 2
Here π 00 + π 01 + π 10 + π 11 = 1 are the steady state populations of the four levels of the machine, and π v = tr[σ v π m ] is the steady state coherence in the virtual qubit subspace. Recall that in the main text we have introduced the notation {|0 v ≡ |1 1 |0 2 ,
|1 v ≡ |0 1 |1 2 } for the virtual qubit energy levels, together with the lowering operator σ v ≡ σ † 1 σ 2 . Once we substitute these values in the coefficients appearing in Eq. (B.9), the latter gives us the average output state of the TLA stream in the stationary regime.
We now focus on the values of the heat flows and energy currents: Here we have reintroduced r in Eq. (C.3) to calculate the rate at which energy is transferred to output atoms and the last equality follows as a consequence of the energypreserving interaction between machine and atoms. In the steady state regime we obtaiṅ
where we introduced the key quantities:
Here, the atom averages are taken over ρ a and ∆ p can be interpreted as the relative bias between the populations of the virtual qubit in the steady state and the TLA populations, which fulfills ∆ p ≥ 0 ⇔ π 01 /π 10 ≥ σ † a σ a / σ a σ † a , i.e. it is positive only when the virtual qubit has a larger population inversion than the initial state of the TLA. On the other hand, the real number ζ c is always positive ζ c ≥ 0, and proportional to the square modulus of the initial coherence of the TLA | σ a | 2 . From Eq. (C.4) it is now easy to check that the following proportionality relation holdṡ
This relation has been demonstrated for the original model of the two-qubit machine we employ here [39] , being a consequence of the fact that each energy flow through the machine is mediated by a single transition. Finally, for computing free energy and coherence flows we need to calculate the average change in the von Neumann entropy of the TLA stream in steady state conditions:Ṡ a ≡ r[ − A(ρ a ) ln A(ρ a ) + ρ a ln ρ a ].
(C.7)
This can be done by applying perturbation theory to calculate the eigenvalues and eigenstates of A(ρ a ) |λ n = λ n |λ n . We expand λ n and |λ n up to second order in φ, and identify the corresponding contributions in Eq. (B.9). The entropy change of the TLA stream can be calculated in this way as: Autonomous thermal machine for amplification and control of energetic coherence 25 Therefore we just need to calculate λ (2) n . We obtain:
where the second term in the above equation comes from a non-zero first-order correction to the corresponding eigenstate, |λ 
